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TEB: Efficient SpMV Storage Format for Matrix Decomposition and Reconstruc-
tion on GPU
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Abstract: Sparse matrix-vector multiplication (SpMV) is a crucial computing process.in the field of science and
engineering. CSR (compressed sparse row) format is one of the most commonly used storage formats for sparse matrix.
In the process of implementing parallel SpMV on the graphics processing-unit (GRPUY); it only stores non-zero elements
of sparse matrix, avoiding computational redundancy caused by zero element filling, and saving storage space. But
there is a problem of load imbalance, which wastes computing resources. To address the aforementioned issues,
storage formats with good performance in recent years have.been studied, and a row by row.decompasition and
reorganization storage format—TEB (threshold-exchangeorder block) format has been proposed.-The format first uses
a heuristic threshold selection algorithm to determine the appropriate segmentation.threshold, and combines the row
merging algorithm based on reordering to reconstruct and decompose the sparse matrix, so that the number of non-zero
elements between blocks is as close as possible. Furthermore, combined with CUDA (computer unified device
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architecture) thread technology, a parallel SpMV algorithm between sub blocks based on TEB storage format is proposed,
which can reasonably allocate computing resources and solve the problem of load imbalance, thus improving the
parallel computing efficiency of SpMV. In order to verify the effectiveness of the TEB storage format, experiments
are conducted on the NVIDIA Tesla V100 platform. The results show that compared to PBC (partition-block-CSR),
AMF-CSR (adaptive multi-row folding of CSR), CSR-Scalar (compressed sparse row-scalar), and CSR5 (compressed
sparse row 5) storage formats, TEB can improve SpMV time performance by an average of 3.23x, 5.83x, 2.33x, and
2.21x%. In terms of floating-point computing performance, the average improvement can be 3.36x, 5.95%, 2.29x, and
2.13x.

Key words: sparse matrix-vector multiplication (SpMV); reorder; compressed sparse row (CSR) format; load bal-

ancing; storage format; graphics processing unit (GPU)
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4 B 2 53 F SRR, (LT SR ) R 2, TRt AR
O AN B D B A B, AR 2 X (10) , A
T3 3 KT bIN 1953 e 2, B i 2 =X (10) /Y
Sow B, T B B AR/ o At 3R] LAY R
AR HIAE CPU -5 bR He 4 (1) $A T IR [A]
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P14 TEB {5 iifiks R 2 i i

Fig.14 TEB storage format division process

Row_NNZNum[0]>2 X Threshold,, (10)
H v, Row_NNZNum[0] A 5 K A7 4F F J0 8 i
Threshold,,, N bIN HE (1) 43 F B

TEB #% 2 % I P4 A~ %5 41 77 i 43 B 5 1) s 4 4%
o Horr Values 1 Col_ldx %5 20 776 8 HETF i 19 4k
TG MBI RG], Blo_ldx 541 T 77t 7 He 9 17 M
& , ROWNNZ_Sum $0 41 FH T 17 i B 47 AE & oo 8
M) % i o Ak 7E E R HE T O R v T il S B AT
IR RG], PRI T 25 R IE R . I TEB A7
fitihs SORAAEHE I A H R 48 5 1080 W& 15 FrR o

K15 TEB{#fifiks X
Fig.15 TEB storage format

3.2 JFATSpMV Sk

XeF F AN 00 s 8 6 B Ok 106, R AT AR R T AN
SRR, FEGPU TAER AT 75 3.1 75 h 42 i
(1) TEB ffitis =X, 1T LA SCF-Aly 7Bl dE 2o i Bl
AT BT TEB A6 X, £ GPU - 5 Rilk 47 . SpMV
MHATBERE . H, A FH N — R, i
JE B 5 He 2 a] B B 3 i A% 1, BB S a7 2k AR fA] 1Y)
R R SPMV W IFATH B RE.,

JLF TEB A2fitid% X Y 347 SpMV SR 1 5800 91
P11 8 v T T 0 B2 N 32 WL 1% 3o 38 5% 45 dii
T vt 3 A W B AT R B B RS SRR B

MRE (AN 16 Bt /s ) o SRR AR BRI AT HhAT SpMV
B BOR BT ER Y Bt s i 2 L

P16 &9l %
Fig.16 Index data

3. 1.2/ R R A IR T EHE R AT IH IR R OR
FEFE A 5y R A7, 43 5005 1 T DO A~ 2 R e (4 &
17 fiis ), AN e He & 5| Values R XTI 1) X {HL,
K FHIFAT I 7 O R R e b i B 12647 SpMV is 5
I IR IRAER Y B b, SCBL T U2 R Bt
KAAT , SpMV 132 Bt 8] K Eor [R] , A 8507 fr 1
GPU TAEf .

Pl 17 2P BLIETT SpMV
Fig.17 Thread block implementing parallel SpMV

Yk 3 AL T TEB frfiths Uy 347 SpMV ik
i1 A: Values, Col_ldx,Blo_ldx,RowNNZ_Sum, X
B H . Result,
blockID = blockldx.x, threadID = threadldx.x
row = Blo_Ildx[blockID] + threadID
start = RowNNZ:_ Sum[row]
end ='/RowNNZ_Sum[row+1]
mid=Blo_ldx[blockID+1]-Blo_ldx[blockiD]
sum =0
if threadID < mid then

for i = start to end do

sum += Values[i] * x[Col_ldx]

© o0 N g A W DN e
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10. end for
11. Result[row] = sum
12. end if

BT TEB A7 i i SN I 47 SpMV Bk (U5 3k 3
JIE 7 ) B 5 14T 27 24 i A 2 FE e 1D AR B iy
LD, 55 24T TE LA b Y 47 R 5156 3
417 T R AL 2 7 i A B A A 2 ST T A6 RS R Y
Rl 5 AT R R AT AR T AT R S T AT Y
FA VR T T BIR A 24 ip 2 B b 2R 9 %0, ok S ) B
S INR RS TR OGO, 5 8~111T 2 0 A 3R, it
S SpMV, 4 45 A F A A X 1o B

AT B B T TEB A7 it A% LY IF 17 SpMV 5
% BES R BRI T U A B IO AR B RN
BT B0 AN I 8 1] 8L, A AR i T AR B R Y S TR
FIR 2 B985 T 9147 SpMV B[] 25 )R Be [ s 42
TET IR AR

4 9855 Br

5 3 E R 0 T TEB 726 4% 3 19 IF 47 SpMV
SRR T AT A AR v ) B O B A ) R, AR 5
I AT IS ] A0 S L T A B A ) 45 5 T A3 HT T AE
(S B6 25 0% VAR T H S 80 M RE , S00E T BT $2 50k 0
A5
41 PEUEE

AR SZ I8 TR FH A B 4ok B LR R A
FF (49 5 6 M BOHE 48 (SuiteSparse i fF &4 ), # 1
FIH T 20 4> F T 52 50 0 7 0 6 B L e ATT R 45 il 43
S, e ) [R) A G AA g A R) R R ) R A i
8. 2D/3D [n] @ AF S, TR TR YRR, K
INDL R A Ol o Herp A 1L A B B 9 S AN
DUAE

A 52 7E NVIDIA Tesla V100S-PCIE-32GB i I
AT, A 5 1204 AL BRI TG, A0 8% S 1 245 MHz,
105248 2 Volta, A 80 4~ SM, £ B 1) e K2 A2 4K
1024, FP32 By PEfE M 16.35 TFLOPS., CPU filiA
47 Intel® Xeon® Gold 6240R CPU @ 2.40 GHz. Ik %
PHEE RS0k CentOS-7,
4.2 Ak PR W] 5 By

AL PR AT AR 2 A8 AT SpMVE I T B I B B
Al LLE AE CSR #% 2 4% e 4 TEB #% b I FE T, th T
TEB 17 fifi % 3 A 52 B4 0 W4~ 22 5 B, S & X1
L% 1% B Bt R AT S HE U I B B, i i A B Bt 19 #E
At FF 3BT T4k 3t A G B (8] RS C PreTime ) o

£ float #1 double P§ Fh £l 4 25 TN | By 48 40 B A

v 4 P 7 i 2 =X {1 36 o B A B IF , Pl D 18 T AT
M BEAE float 04 25 B (9 FE B 2 /N T 0.6 ms, 7& double
B 2 A4/ T 0.7 ms. [ fd18 A, Bk B 1
FE AT /N T XU B A FE I, K08 2 B o & X
{EL 15 B B (0 RE B A T 52 i) (EL PR L RE R 400, 52 T
BRI

11 A I B b 575 B8 A AT AR VR 4 A
7 B B e BT LA B B AR B R R T R e
PR B . B 194381 T AN R BE 74T A I F EHERY B 1)
FEF, i AT %0, float A1 double 50 268 R Y 25 S 7 Ut
W B 2 BN B 5, %% vibrobox Fil c-64 [ Bk B FE I 22
JINTFRURG 5 RE A A1, At A B4 A 19 o B3040 28 700 KE
e R AL o 4347 S 56 45 S T 6, A BEAE 0.6 s N 58 L
FHEE I, R4 H G FHe ., 4ERE/NF 5 000 9 4R [
e [ 1 £ B B A AT 1 HEVA I By B AR R AR
I T Ak B 0ok R B AR PR L 5 K

H1 LA 12 M AT AT, O [ 040 2 78 A 9 A B B Bt
() 22 S AN R, FL A B B 10 FE I 35K SO TR
i 4b B B Bt O FE I 2R [ AT E A IR B 48
B R BRI AT TR S o A I AT N, TEB
AEAigi s 2 % 0 Ak R ) 78 TT LA 922 32 3 L A
4.3 SpMV PEfE 5 Br

BE X3 T TEB 726645 =X A9 IR 47 SpMV Bk k17
MERE AT, 25 WA, 34T SpMV 32 17 i 7]
M7 A2 ERE . YR8 H ATH R B 8 A 1R
4% B 17 4% 4% =X CSR- Scalar™ ., CSR5 ., PBC F AMF-
CSR 5 TEB 77 fifi i xUMMOxT L 52 56, 40 111580 A Fh A%
3 SpMV iz 7 a] , LA A Ay He e st el 1 fig 0 4
Wi, R I2 47— Uk SpMV 1 st i) 4% e HLAF 7 — 22 B 1%
7=, Bt LAid s B A s 202 1710000 I SpMV [ FERTE
AR S5y SpMV [z 17 I [a] (STime ) , D i 7 B 5
YR AT [A] I AN HEFGPE , i SpMV 32 17 I [ 7y 55 56 45
FiRZERAME .

R T N A ) B 2 A X SpMV aad T B[] 1)
Wi 1 e 7 float B 28 R | 30 st U RAE fideds X 78 L
TS PR 1 SpMV 932 17 i) 6] (A&l 2077 ) | 55 55 245
5 i R M R R LE 2 2 SR RE s /D | (] B
M. ML G 25 R BRI 5 41 TEB 1Yz 1715 [A]
Yo 1 HAbAE RS, 450% 5 | TEB 1Y STime £ >4 CSR-
Scalar [191.58 ff%vCSR-Scalar 7& 7o A% =Xt #E 1 £ /0,
M FRFES A TAEZ o R 25 5 /N A T HoAth
P45k 136 B 15 467 , I L CSR-Scalar 4% X 1 33 17 ) 7] 48
5. PBCTEMIRE 8 FN 11 AYFEMT 4 1 1 s, Fl 4y HoAth 4%
A ARFE 1 s N 5E A 10 000 ¥k SpMV., # Lt T AMF-
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A1 TR
Table 1  Sparse matrix
i PR 4i%u10° AEFEICN0° Sy % 2 Fi Aegr10° AEF N0 gl
\
1 1138_bus 1.13 4.05 11 €40r0000 17.28 553.96 \\
2 nasalg824 1.92 39.21 12 cavity10 2.60 76.17
3 vibrobox 12.33 301.70 13 ex11 16.61 1096.95
4 slrmg4ml 5.49 262.41 14 ight3 10.94 130.50
5 finan512 74.75 596.99 15 fd18 16.43 63.41
6 nd2010 133.77 625.95 16 torso2 115.97 1033.47
7 c-64 51.04 707.99 17 af23560 23.56 460.60
8 ct20stif 52.33 2 600.30 18 fidap015 6.87 96.42
9 crystm03 24.70 583.77 19 fd15 11.53 44.21
10 besstk25 15.44 252.24 20 dw8192 8.19 41.75

CSR.PBC.CSR-Scalar fil CSR5, TEB I} [i1] 1 HE - 44
T+ 2.92.6.4,1.79 A1 2.46 i, fix = #12 TF 5:43 . 11.64,
3.66 F14.22 1%,

& 21 JE7R T float B4l 2 R, A AEAddE = 7E
ANHLAE B | f STime, TEB AY 32 f i 1] 2748 T H:
Al =, BRAE 4 13,16 4b , HoAth E FF TEB 4% X% STime
HBAE 0.1 s N o 13 Fl 16 7 FIT A A LU S B4 v %) 6 1)
2%, T HAEZRTTHR K, B LLZ 17 B ] A Wb
o, U] P 8 5 AN ) R 13 1 A T Bk E —

ANE G, HHFE I ) 22 50 AS B 0T R 8 i 133k
Ui, A T0 50 A5 A R0 X6 SpMV 32 17 B[] ) 52 1 448
/N H F AMF-CSR.PBC . CSR-Scalar il CSR5,
TEB I [i] 1 fig - $ 42 7} 3.42 .4.67 .2.35 F1 2.27 i , 5%
EEETF 45,18 972 5.43 F1 3.71 4%

Sk TR0 3 I b o3 AT A AR S as AT ) AR
#us (11) , 114 TEB £ AMF-CSR . PBC . CSR-Scalar
M CSR5 iy i b . Horh, SpeedUp “h K It ,
STime, JEEFPA% XY SPMV 321 7], i BSR4 X
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P18 i Je U BRI AV 4 By BEFE I
Fig.18 Time consumption of heuristic
threshold selection phase

P19 17 dHEVIJF B BEFE Y
Fig.19 Time consumption of row
rearrangement and merging stage

K120 BEIN B SpMV S FIN ] (float)
Fig.20 Regular matrix SpMV execution time (float)
STime,

. s
STime.,

i= AMF - CSR,PBC,CSR,CSR5 (11)

SpeedUp =

P21 ASBLI G BE SpMV S A7 I i) (float)

Fig.21 Irregular matrix SpMV execution time (float)

3BT S 56 245 SR ] 0 (Can 1l 22 ) |, 7E float 24
KA, i TR 5 (9 TEB 2 47 I 18] ZEW 25 T ot 7
Fhag =X, Br LL AMF-CSR #il CSR-Scalar ##% =X 9 il i L
439 4 0.94 F10.63, Bk it 2 A1, FHL A A4 hin ik He 2K T
1, % PBCH R, TEBE M T B iz Fr it a4
P iR THE MR 3AEF T/ i H AR 2 |, fe s in ek L AT
ik 11.64 1%, #%:F AMF-CSR,PBC,CSR-Scalar I
CSR5, TEB i~V 37 /i kb 43 51 4 7+ 3.15 .5.62 ,2.04 Fl
2.384%,

P22 A Il 5K 4. Sp MV SR 1 I ] i i L (Float)
Figi22 SpMYV execution time acceleration
ratio (float) for different formats

T SpMV (354 R A8 2 e A EE
TGS XN X [ AT , 25 A THE G BN o
AT T NNZ KSR 2 R, NNZ~M Inikiz 5,
SPMV WIS K0 2K NNZ =M o R T 2007 TR kg =X
1E GPU fil 55 #Y3F s 32 B PERE , R B FP 1042 1K 1Y
77 08 FAOR & GPU AZ Y PERE , i =0 (12) , 1t
IR IRATERE , Hoh NNZ AEE TR, M ORAE
FEYERE , STime, A REFIHE K SpMV iz 17 [H] . 5] 23
SR TR FIAEAEAS X 0F A T Mk BE , f SE g 45 2R
AL, % b A AR = BRAE R 5 2 A, TEB#RR B T
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P23 A sl 7 fifi B 5U i 238 STVEfE (float)
Fig.23 Performance of floating-point operations
in different storage formats (float)

A2 1 T BRORG B T B SRR BB | de s T 3k 134 GFLOPS,
T N RE S SpMV iz 17 i 8] B 52 L, Fir UL TEB
TE A 5 09 K B R AE, O 45.10 GFLOPS., Ml # F
AMF-CSR .PBC .CSR-Scalar Fll CSR5, TEB I V% 1. iz
BVERE S ) $2 T 3.25 .5.58 . 2.03 F1 2.71 1% .

T sk = 2X D02 (12)
STime,

1 double B4 25 U T, 1 53 A fit 45 XA 0
HiFE I SpMV Wiz 17 I ] (AN 8] 24 fir s ) o BRAEFE 5
F1645h, TEB [ia A7 Hf [ ¥ 00 T HAb A L. HiFE5 1)
S 25 B float s S L 19 25 S5 4Bl , CSR-Scalar %
X 1Y 15 47 I 8] ¢ %5, S 96.05 ms. I A, % I 6 1K)
CSR-Scalariz 17 [E] 44 T TEB, i T TEB #% = float
A% °fy double 2 T &% i it [B] Shy 45 ms, 1 CSR-Scalar i)
AR 2 R B4 N ] S 26 ms, TEB A8 5 6 ) ] 45 K HL
T T L, TEia S it #2 rh TEB 1Y 4 46 i 1] 82
i, S B SpMV aa 17 I 1A B in . KA 434
W double #H %% T float %415 28 1Y , iz 17 W [|) #R A7 A~ []
W EE A 38 . #H 1L T AMF-CSR .PBC . CSR-Scalar #il
CSR5, TEB B[] 1 g V- 1 $2 7+ 3.07 .6.42 . 2.1 F1 2.16

Pl 24 BLYIHE B SpMV B 5 I ] (double)
Fig.24 Regular matrix SpMV execution time (double)

i, fe e T 4.7 .13.42 .3.55 F13.82 1% .

P 25 JER T ALRIFEAEAS A AR FE | SpMV
MIZ1THF ], 7E double £ 25 A, TEB (Y35 47 i 1]
BRI, e AT B PRS0 S T P ik ] A K S 80
A7 IS 18] 286 50 () 175 B . PBC A1 AMF-CSR % X 78 4 4
16 [ B HE 2 AU AL 5 (8] 43 31 A 429 ms 1907 ms, i T
AR TR 8 4 , double 28 % 135 47 I 1] B 5% 11
K XTI float 25 Y, double (132 47 i 1] A Fr 48 fin
HE R R A LAk, T AMF-CSR \PBC,
CSR-Scalar fll CSR5, TEB i} [a] 4 AE “F- 44 £ 7} 3.62.
5.57.3.03 f11.86 fi5 . iz 17 i ] fi i 42 T 6.4 .12.94
6.15 F112.32 1%

¥l 25 A B804 B4 SpMV 47 I ] (double)

Fig.25 Irregular matrix SpMV execution time (double)

g T NG A HL 4> BT SpMV A8 47 R[] 78 UK 1
B B R T AOR L 22 T TEB 7E AMF-CSR,
PBC.CSR-Scalar fil CSR5 I [ SpMV $4.47 fisJ [i1] it
Fe (40 1% 26 ff 7R ) , 76 double B4l 26 B4 T , TEB A X T
FL A A7 At A% 3 (PR AR B 5208 i L3R F 1, % L
PBC#% 2\, TEB F 8 [ K 4F g9z 171 L 3, e
I L T 3k 13.42 4% .. A5 B 5 1) AMF-CSR Fil CSR-

P26 Al k% 5L SpMV P77 I ] i i Lt (double)
Fig.26 SpMYV execution time acceleration
ratio (double) for different formats



FEFE4E %: TEB:GPU LS EEMB B SPMV BiEHE R 1107

Scalar % =X 132 17 B (0] 2 8, i bG350 R 0.92
0.57. %[ 6 1)) CSR-Scalar #% 20iz 17 ] $¢% , Jinsek kb
7 0.94, #%:F AMF-CSR .PBC .CSR-Scalar fl CSR5,
TEB A9-F-34 i tb 43 4 71 3.31 .6.04 . 2.51 F1 2.03 1% .

& 27 JE 7R T BRS04 BOKS B2 V7 A8 Bk fE
MR (10) , 1F 5 1 B A AR A A% R e . A (il
FHES R0, TEB R I T 3047 1Y RO B2 77 A58 5
e, Va8 FME 8 nT ik 39.95 GFLOPS, 4H 4 9 Fil 17
)iz BEREFE T A MR b s #R A ) T 80 L |
i SpMV iz 17 isf [] B 1, 4 B4 5 1 6 1)) CSR-Scalar /7
g 4% S FE I, B LA TEB 19 3% 4542 54 1 RE W% T
CSR-Scalar, AMF-CSR . PBC . CSR-Scalar il CSR5
1) ~F- 34 3% Az 5 M BE 43 0l A 13.14.7.61. 20.08 Fil
22.3 GFLOPS, TEB A4 F HAth A% =010 77 s i2 M e
43 #7246 ,5.31,1.52 i1 1.08 /% . TEB HYiz 17 A
(i) R iz PR R AR TR DL N 3R 2 I .

Fl27 AWl {7 fifi B 77 2508 31 PERE (double)
Fig.27 Performance of floating-point operations in
different storage formats (double)

#2 TEBIBT7If ] RNTE 838 SV GE V-5 gt ke
Table 2 TEB running time and floating-point
arithmetic performance average speedup

ksl SpMViafratiE/ms 1785 AE/GFLOPS
AMF-CSR 3.23 3.36

PBC 5.83 5.95
CSR-Scalar 2.30 2.29

CSR5 2.21 2.12

5 &kl

Fh T R B B KLU PR e SpMV as B i
e, Al RE BT BN S A B G MR A 3.1 R R
A4 i e =X 1 LR 5 R VR R T AR R B0 AT A AT
BRI T — RO R TEB A6k 5, 1204% AR 4 1 4

TE P P SR T 5 1) (50 L X6 s 18 B AT A
- R AR I R AR, DT R I SpMV AT T
FANBCT AT A BOK . TEAE R R, RAR AR E O
ARG, A1 U F T &R 5 R T R IR
P FF Halad SR 56 F T TEB A7 fif i 3 A0 A 2ok
ok PR ] E AT DA% A2 B0 Y, 78 SpMV 1z 47 i 1]
VR i iz B RE Jr 1, TEB 77 it 4% =48 F Ho Al A5 =X
B R R T Ko TEB B A PE RE 52 T AMF-
CSR.PBC. CSR-Scalar fl CSR5 - ¥ ] 4% J| 3.23,
5.83.2.33 fil 2.21 1% . TEB WY % s iz BIEfie ¢ T
AMF-CSR . PBC . CSR-Scalar Fll CSR5 - ¥4 1] 4 /&
3.36.5.95.2.29 Fl 2.13 % . 7E i e =X i ok B 55 %
b, B EORGE BE R T3, B8 v (BN B 2 1 B A
RUPE T, P, BT Rk TAE R a5 AL et > Bk
MAAE At A% =X, SR ARAS T = A PR
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